Given a double complex X there are spectral sequences with the E 2 terms being either H I (H II (X)) or H II (H I (X)). But if H I (X) = H II (X) = 0 both spectral sequences have all their terms 0. This can happen even though there is nonzero (co)homology of interest associated with X. This is frequently the case when dealing with Tate (co)homology. So in this situation the spectral sequences may not give any information about the (co)homology of interest. In this article we give a different way of constructing homology groups of X when H I (X) =H II (X) = 0. With this result we give a new and elementary proof of balance of Tate homology and cohomology.
1.Introduction
We will mainly be concerned with left R-modules over some ring R. So unless otherwise specified, the term module will mean a left R-module. By a complex (C, d) of left R-modules we mean a graded module C = (C n ) n∈Z along with a morphism and where Hom(C, N) i = Hom(C i , N).
By a double complex of modules X we mean a bigraded module (X (i,j) ) (i,j)∈Z×Z along with morphisms d ′ and d ′′ of bidegrees (1, 0) and (0, 1) respectively such that d 2) calls a 2-tuple complex and which we will call a bicomplex. We get a bicomplex if we take the axioms for a double complex and replace the condition
We can form the additive category of bicomplexes where morphisms f : X → Y have bidegree (0, 0). This category will be an abelian category which is not only equivalent to but is isomorphic to the category of double complexes. Given the bicomplex X we let Z ′ (X) ⊂ X be the bicomplex Ker(d ′ ). Then we let
Note that these bicomplexes have their d ′ = 0. In a similar manner we define Z ′′ (X), B ′′ (X) and
. We will tacitly assume that for a bicomplex X we have
. We then will let x ∈ X mean that x ∈ X (i,j) for some (unique)
The Main Result
Theorem 2.1. Let X be a bicomplex such that H ′ (X) = H ′′ (X) = 0 i.e. such that X has exact rows and columns. Then
Proof. It is easy to see that
. We argue this is so by chasing the diagram. Let
). In this case we want to find an isomorphism H(X) → H(X) of bigraded modules of bidegree (1, −1).
. To see that this map is well-defined, let
is well-defined. This map is clearly additive, natural and of bidegree (1, −1) . Reversing the roles of d ′ and d
′′
we get a homomorphism H(X) → H(X) of bidegree (−1, 1). By construction we see that these two maps are inverses of one another, and so both are isomorphisms.
Construction of Bicomplexes
If C = (C i ) and D = (D j ) are complexes we construct a bicomplex denoted Proof. We have
. Clearly these are isomorphisms of bicomplexes.
We prove the next result in a similar manner. where the isomorphism is an isomorphism of bicomplexes. To get examples where this result can be applied we only need assume that C and D are both exact complexes of flat modules. Then clearly C ⊗ D will have exact rows and columns. With this result we get balance of Tate homology.
